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These two integrals are not enough to integrate the equation of
motion but can help us to comment on the physical sense of the
problem. Two examples follow.

Example 1. Let us assume the case when the mass varia-
tion is a linear function of time

m = my(l—at) 20)

where o is a constant value. According to Eq. (19) the damping
coefficient must satisfy the relation

é=4a/(1+n) Q@1

When the central gravitation force is inversely proportional to
the square of the distance n = —2

8/a=4/3 22)

and the conservation law is

(ri+i*m +2kr ' mYm=" + 3K*m*3r-%/(4a) = C = const
(23)

Example 2. The damping coefficient satisfies the relation

dm
o= - <E> 4)

The trajectory is described in the form
F— K3 =k 25)
The first integral is
2 —2kr**1/(n+1) + K*r 2 = const (26)

It corresponds to the results in Refs. 3 and 4.

Conclusion

For the system with variable mass under the influence of a
central nonlinear force and linear damping, conservation laws
exist. The mass and the reactive force produced by mass vari-
ation are functions of time. The system presents a nonconser-
vative system that has a Lagrangian. According to Noether’s
theorem such a system has conservation laws. In this Note the
conservation laws are found. These first integrals have a very
important role in considering the dynamic behavior and de-
tecting chaotic motion of the system. The conservation laws

presented in this Note are valuable only for strictly defined

mass variation. For some simplifications in the system the
standard Kepler problem is obtained and the conservation law
reduces to the well-known form.
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Nomenclature

circle obtained in plane 1 at the start of detection
= position of target at the start of detection measured
along the radius of A4 (i.e., along r)
= range of target from missile at the start of detection
(measured along line of sight)
radiusof 4 _
magnitude of V (i.e., [V])
relative velocity vector of target with reference to
missile
V cosy
V sin y
tan~![r/v(R?-a?)] (i.e., ¥ beamwidth)
= smaller angle between V and plane 1 measured in
plane 2
¢ = angle between the outward radial vector of 4
containing the target and V,, measured in plane 1
(+ ve anticlockwise as seen from the missile)
¥ = Y the angle subtended at the antenna center in plane
2 by the chord of A along V, (i.e., « NOQ, Fig. 2)
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Introduction

URFACE-to-surface missiles or air-to-air missiles that use

mid-course guidance followed by a terminal homing phase
need to acquire the target at the start of the homing guidance
phase. For acquisition, the onboard radar system would re-
quire the target to be in the beam for a finite time. This finite
dwell time on target is necessary to process the received signal
for detection, confirmation, and subsequent tracking of the
target. Hence the problem of determining a circular area per-
pendicular to the beam axis that accounts for a finite dwell
time is important in the context of target acquisition without
search in a three-dimensional aerial engagement. Kuno et al.!
have considered the interaction of the radar beam with a plane
that contains the target velocity vector. The intersection results
in an ellipse, but for analytical convenience they have approx-
imated it to a circle and pointed out that the error thus intro-
duced would not affect the results for their application. Kouba
and Bose? have evaluated the pointing angle error circular
error probability (CEP) as a function of a unit pointing vector.
The pointing angle error that results from the combined effect
of all of the error sources is obtained as the root-sum-square
of the individual error. Their analysis indicated the relation
between the probability of target sighting by the missile and
the error in the pointing vector. Kuno et al. and Kouba and
Bose, however, did not address dwell time determination pro-
cedures. In this Note a three-dimensional engagement is con-
sidered and the evaluation of the minimum value of dwell time
is represented in the form of a nomogram. Some of the vari-
ables are redefined more appropriately here, as compared with
those given in Ref. 3. The variables that affect the estimate of
the minimum dwell time have been grouped into an optimal set
of independent parameters, namely V/R, a/r, v, and 3. The
present study is not concerned with determining the seeker
dwell time required for detection and confirmation of the tar-
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get. Instead, it analyzes what engagement parameters would
ensure the given dwell time. The utility of this nomogram lies
in determining the circular area around the beam axis to ensure
the required dwell time for acquisition without search, and
then working out the requirements of accuracy for homing
subsystems to capture the target in that area. After the formu-
lation for the evaluation of dwell time is given, the selection of
values for the independent parameters is indicated. A typical
case study is followed by a conclusion.

Formulation for Evaluation of Dwell Time
in a Three-Dimensional Engagement

The general three-dimensional engagement case can be con-
sidered in two different planes: one is perpendicular to the
beam axis (plane 1), the other contains the missile antenna
center and the target relative velocity vector (plane 2). The
components of the velocity vector, then, can be considered in
both planes (Fig. 1). The details of geometry in plane 1 and
plane 2 are shown in Fig. 2 and Fig. 3, respectively. The details
of the relationships among angles and distances in both planes
are explained in Egs. (1-4).

b=acos¢ ¢)]

MISSILE

Fig. 1 Missile-target engagement geometry.

p

Fig.2b ¥ L to range case.
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ON =~R2-b2= R~1-(a/R)2cos¢ 0))

¢ =V(0Q)*—(ON)2 = V(00" )2+ r2— (ON)?

=vV(R?>—a?)+r?—(ON)?

= R+/tan?B — (a/R)?(tan28 + sin2¢) 3)

— (a/R)*(tan( + sinZ¢)
1—(a/R)*cos?¢

tany =c¢/ON = JEmZB e))

In the analysis the following assumptions are made:

1) The magnitude and direction of the target velocity rela-
tive to the seeker beam do not change during the duration of
the dwell time. The assumption implies that the seeker is stabi-
lized against the missile’s pitching and yawing motions during
acquisition.

2) The farget is detectable by the missile seeker even when
the target is located at the edge of the beam (i.e., detectable
region 0=<a <r). Because it is assumed that the target motion
is confined to plane 2, the time ¢ for which it would remain in
the seeker beam (i.e., the dwell time) is given by

t=XS/V %)

Considering triangle XSQ in Fig. 2a, we get

XS B ox
sin 2SQX ~ sin « XSQ
Therefore,
_ (c — b)sin(90 deg— ) _(e—b)cos ¥ ©)
sin [90 deg—(y— \L)] © cos(y—y)
Using Eq. (6) in Eq. (5) we get
_(c—b)cosy (c-b) B

T Veos(y—y)  V(cosy+sinytan y)

(r-a)

Fig. 3a Geometry in plane 1.

Fig.3b ¢ = 0 deg case.
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Alternatively,
ON tan y = NQ 1))
Differentiating both sides with respect to time,
d(ON. d(N
because y is constant or,
V,tany = ¥/ ®

Thus, due to V,, ¥, is the additional speed along ¥,. This
indicates that the shrinkage in the beamwidth due to the clos-
ing speed is accounted for. Therefore, if ¢ is the travel time
along V¥, then

‘o (c—b)

=V Votany (10)

Eq. (10) is the same as Eq. (7). Therefore, substituting for b
and ¢ from Eqgs. (1) and (3) into Egs. (7) or (10), we get

]

It can be noted that for a target appearing at X (Fig. 1) and
moving inward (i.e., into the beam), ¢ will be greater than
90 deg. Also, that ¢ =0 deg would mean a radially outward

~/R2tan?B — a2(tan2B + sin¢) — a cos ¢

{ R2tan2p — a?(tan?f + sin2¢)

t =
V[ cos y+sin y
\J R2—qa%cos2¢

amn

<
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moving target and consequently would offer minimum dwell
time (#nin). Thus setting ¢ =0 deg in Eq. (11), we get

r—a

Fnin =

™ Y (cos v +sin v tan B)
(1—a/r)

= (12)
(V/\/R2 —a?)(cos y/tan B+ sin v)

Note that for ¢ =0, c=r, b=a, and y=0. Assuming R > a,
we get

1—a/r
V/R (cos y/tan (§+sin v)

tmin = =(I—a/r)/.i( (13)

where
X =V/R(cos y/tan B +sin v)

Eq. (13) gives the minimum dwell time and, therefore, has
been considered in the development of the nomogram shown

in Fig. 4. In the previous expressions only positive square roots
are considered.

Selection of Values for Independent Parameters

The radar beamwidth is assumed as 8.0 deg (3=4.0 deg).
Considering the practical ranges of R and ¥V as R =5 km, and
0=V <2000 m/s, respectively, V/R is allowed to take on val-
ues from 0 to 0.2 rad/s. The range of v is taken as 0<y
=90 deg, and ideally, the range of a/ris 0 to 1.0; but for plots
0.4<a/r<0.95 is adequate (Fig. 4). However, because the
plots for X vs V/R are straight lines they can be extended to
cover higher ranges of V/R.
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Case Study

Figs. 4a and 4b constitute the nomogram with respect to the
optimal set of parameters. Figs. 4c and 4d are helpful in
quickly reading the values of individual variables that compose
the parameters. From Figs. 4a and 4b it can be seen that for
given engagement parameters (i.e., v and V/R) the minimum
dwell time available is controlled by a/r. Three cases are con-
sidered here for illustration.

Case 1. Worst Case

Let us assume that the requirement is to ensure a minimum
dwell time of 100 ms for a typical encounter geometry and
V/R =0.2 rad/s. Thus, starting from V/R =0.2 rad/s in Fig.
4a and ?,;, = 100 ms in Fig. 4b, and following the route shown
as case 1, point Z is located in Fig. 4b. The value chosen for
v is 0 because it gives minimum dwell time. At point Z, a/r is
0.71. To find the value of a assume an acquisition range of 10
km. Then, following the case 1 route in Figs. 4c and 4d, for
a/r=0.71, a =500 m. A value for V/R less than 0.2, however,
would lead to a higher value of @ for the same R and #,.

Similarly, any constraint on the lowest value of v would also
result in an increment in a/r and, therefore, in ¢. It can also
be noted here that the chance of ¢ =0 deg would also be low,
and that for ¢ >0, the dwell time would always be more than
that read by the nomogram. For ¢ >0, Eq. (11) can be used.

Case 2; Typical Case

Let R =10km, V'=1000m/s, and =50 deg. In this case
the minimum dwell time requirement of 100 ms can be met
only for cases with a/r <0.9 following the case 2 route from
Fig. 4¢ to 4a to 4b. From Fig. 4d, a is found as 630 m.

Case 3. Zero Closing Speed Case

In this case, V'is orthogonal to the R vector (i.e., OX or the
seeker line of sight). From Fig. 2b

_t “<L>=t _ a cos ¢ >
Yorth an an
ON, N1—(a/R)?*cos*¢p

For a radially outward moving target, ¢ =0 and then

Yorth = tan‘1< > =tan~! [(a/r)tan B]

R2—42

In this case, for a target sighted at the beam center (i.e., @ =0)
Yortn =0; and from Eq. (12)

r tanf Y beam width

t -— = =
el ™y 7 p/R T line-of-sight rate

This would be found in the nomogram by extending graph b
in Fig. 4 for the a/r =0 case. It should be noted that when
closing speed is zero, Doppler shift is zero. In fact, in this
case R is defined as the miss distance. Also, in general, line-
of-sight rate = (component of V orthogonal to line-of-sight)/R
=[V cos(y — Yorm)l/R. ‘

Conclusion

A nomogram has been designed to define the circular area
within which to find the target for a wide range of missile
engagement parameters, given a dwell time constraint.

References

tKuno, H., Nakajima, H., and Ueno, Y., “Mid-Course Guidance
for Fire and Forget Missile—Modification of Present Homing Mis-
sile,”” MEDE Conference Proceedings, Interania S.A., Geneva, Switz-
erland, 1979, pp. 597-608.

2Kouba, J. T., and Bose, S. C., ‘“Terminal Seeker Pointing-Angle
Error at Target Acquisition,”’” IEEE Transactions on Aerospace and
Electronics System, Vol. AES-16, No. 3, May 1980, 313-319.

3Asthana, C. B., and Prahlada, ‘‘Evaluation of Missile Seeker

Dwell Time for Three-Dimensional Aerial Engagements,”” Proceed- -

ings of the AIAA Guidance, Navigation, and Control Conference,
AIAA, Washington, DC, 1989, pp. 506-509 (AIAA Paper 89-3484).

ENGINEERING NOTES

Effect of Actuator Coupling on
Active Vibration Control
of Flexible Structures

Jeffrey B. Horner*
Lockheed Missiles and Space Company,
Sunnyvale, California 94089
Daniel J. Ruttermant
Siecor Corporation, Hickory, North Carolina 28603
and
Peter H. Meckli
Purdue University, West Lafayette, Indiana 47907

Introduction

HE control of vibration in large structures is complicated

by the presence of many closely-spaced modes within the
controller bandwidth. Problems of stability robustness arise
since accurate models for the entire structure are difficult to
generate. This Note investigates stability issues associated with
a decentralized control strategy applied to subsystem models
of the structure, focusing on the case when subsystem frequen-
cies are closely spaced. Subsystem interaction is assumed to
exist primarily because of the actuators, whose locations are
usually constrained by physical limitations.

An excellent overview of decentralized control approaches
has been written by Sandell et al.! One of the first papers to
specify conditions for the existence of a local output feedback
law was written by Wang and Davison.? Conditions on the
coupled system dynamics to guarantee stability for decentral-
ized controllers have been developed by Nwokah and Perez.?
Iftar and Ozgiiner® have proposed a design method for decen-
tralized controllers based on linear quadratic Gaussian/loop
transfer recovery (LQG/LTR) techniques.

The work presented in this Note addresses the issue of de-
centralized control stability for systems having significant sub-
system interaction. A novel coupling parameter is introduced
that characterizes the degree of subsystem interactionina 2 x 2
system that is coupled by the actuator forces. This parameter
is used to determine stability bounds for both decentralized
and centralized active vibration control. A simple cantilever
beam structure with attached disk is used to confirm the theo-
retical development experimentally.

Stability Analysis
A specific class of structural systems will be considered
whose subsystems interact only through the applied forces.
The equations of motion for a general structural system model
coupled only through the actuators can be represented as fol-
lows:

I¥ + 25w Y + [Na? 1Y = PF )

where [“2§w; ] and [Nw? .J represent diagonal matrices that
depend on the damping ratio {; and natural frequency w; and
P represents a nondiagonal coupling matrix.

Before a suitable stability analysis can be developed, Eq. (1)
must be converted into transfer matrix form by taking the
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